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color degree of v; i.e., the number of colors

adjacent to v in G.

Ex.   G

An edge-colored graph is properly connected 

For any u,v ∈ V(G), ∃ properly colored path joining them

Definitions:

⇐

846 ) : = min I d
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cu ) I we VIG ) 3
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Note : 8103846 )
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Is this properly connected ??
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No!



Is this properly connected ??

Yes!



:= min { c ∈ N : one can make G property connected 

by c colors}

pc(G)

In this talk, we consider edge-colored connected graphs.

proper connection number of G meansThe

Note : If G is a tree ,
then

pc CG ) > DCG )



Known results:
Th

.
1 ( Magnani & F 2011 )

If 840 ) 3 ¥1 Then G is properly connected
.

h .

2 ( Borozan et at .

2012 )

If G is 2 - connected ,
then Pc CG ) E 3

.

Th
.

3 I Huang et al .

2017 )

If G is 2- Conn
.

and diam ( O ) E 3
,
then PCCG) E 2

.

Th
.
4 ( Brau se et at .

2017 )

If G is 2- conn
.

and 814 > max 12 ,
3

,
then polo ) S2 .
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I feel that the following is a challenging problem.

Pbm : Characterize 2- Conn . graphs G

s .
t

. 1046 ) =3 .

h
.
5 ( Brau se et al

.
2017 )

For every d > 3
,

there exists a 2- Conn . graph G

Sit
.
8 C G) =D

,
161=42 d and polo ) =3 .





In this talk, I would like to consider how to make a graph properly connected. 

Let G be a monochromatic graph with color 1.

Define :

PC opt (G)
= min to -14 I We can make G properly

connected by recoloring

Easy to check :
P edges with 4 colors

.

)
Pc opt l Kl , m ) = 2 m - 2

, Pc opt ( Cn ) = L
t I
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We can find a partition An edge e=xy is good ⇒
VIG ) - IN Cain My , ) -

- Xo Y

s . t
.
XC Next and Yc Ncyl

,

x y and G CX ) and GLY ) are cliques
.

h
.
G ( F )

A Conn
. graph G has Pc opt (G) E 2 if and only if

G contains a good edge .
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Th
.
7 IF )

It d (G) E 2 then Pc opt ( G ) E 3
.

Th
.

8 (F) Let m > n 32 and Mth > 9
.

Pc opt ( Km , n ) = 4 for h = 2,3 i and
,

PC opt ( Km , n ) = 5 for h > 4
,

Th
.

9 ( f- I
size ot a max . matching

It G is a tree
,
then Dc opt (G) = 1Gt - 2- a told .

h
.

lol
f)

If G is 2- Conn . 74 - free with 16139
,

then Pc opt (G) E 5
.



Some observations 

Prop .
I : If G contains a complete bio . graph H sit .

( i ) 161=1 HI and Iii ) each partite set contains an edge .

then Pc opt ( G ) E3
.

Cor
.
If G is a complete multipartite graph kn

, ,
. . .

, me

s 't . l > 3 and 2E Mi E . - - E Me ,
then PC opt I G ) E 3

.
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Some observations 
@ Upper bound on pcoptlkm.in )

,
where m > n > 2

and mtn ? 9
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Extension 

An edge colored graph G is properly k-connected 

if for any pair of vertices, there exist k internally disjoint 

properly connected paths joining them

We can consider the following function of a graph.

PC okpt ( G ) : = min ( P -14 I we can make G properly k - Conn .

'

rn:!T.sn?edseswitn )



Extension 
Def: A mono. conn. graph G is (p,q)-feasible 

if we can make G properly connected by recoloring
p edges with q new colors.

In particular, let’s call (p,q)-optimal feasible if 

Remark: If G is (p,q)-feasible, then

.

Pt 9 = PC opt ( G ) .

p > q 3 Pc C G ) .

Cor
.

of Th
.

G : G is 11.1 ) - feasible G is a complete graph

Th
.

7
'

(F)

Any graph G sit .
2 ( G ) E 2 is 12,1 ) - feasible

.



Th
.
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'

( F )
For Km

. n with m > n > 2 and Mt h 3 9
,

it n -

- 2,3
,
then Km

. n is ( 2,2 ) - optimal feasible ;

and if n > 4
,
then Km

. n is I 3,2) - optimal feasible
.

Th
.
9

'

( F )

It G is a tree
,
then

G is ( n - I - a' ( G )
,
DIG ) - I ) - optimal feasible

.


